This paper focuses on the design of prefilters for maneuvering structures with the objective of desensitizing the controller to errors in the system model. Given information about the expected variation of the uncertain parameters, a minimax optimization problem is formulated to minimize the maximum value of the residual energy over the range of the uncertain parameter. The proposed technique is illustrated on a spring-mass-dashpot system with uncertainties in both the damping and stiffness constants and on a two-mass two-spring, two input system.
INTRODUCTION
Control of vibratory structures by filtering the reference input to the system has been addressed by numerous researchers [14] , [7] , [3] , [8] etc. Singh and Singhose [2] present a tutorial related to the design of input shapers/time-delay filters and include a comprehensive list of relevant papers. Smith [14] proposed a wave cancellation technique to drive a second order system to its final position in finite time. However, this technique is sensitive to modeling errors. Singer and Seering [7] proposed a simple technique to desensitize the input shaper to modeling errors. This involved design of a sequence of impulses which forced the magnitude of the residual energy and its derivative with respect to damping or natural frequency, to zero. Singh and Vadali [8] arrived at the same results of Singer and Seering [7] by the design of a time-delay filter which cancelled the poles of the system. They also showed that by cascading the time-delay filter designed to cancel the poles of the system, the resulting filter was insensitive to errors in modeled damping and frequency. The idea of locating multiple zeros * Associate Professor, Mechanical & Aerospace Engineering, Member AIAA † Graduate Student, Mechanical & Aerospace Engineering of a time-delay filter at the estimated location of the poles of the system has been exploited to design robust time-optimal control [9] , [5] , robust fuel-time optimal control [11] , fuel constrainted time-optimal control [12] etc. Liu and Singh [4] extended this idea to nonlinear systems undergoing rest-to-rest maneuvers, by requiring the sensitivity of the system states with respect to uncertain parameters be zero at the final time.
Techniques to increase the range of uncertain parameters where the residual vibration is below a prespecified amount has been addressed by Singhose et al. [13] . This was referred to as the extra insensitive input shaper. Pao et al. [6] included the probability distribution of the uncertain parameters into the design process to arrive at input shapers which weighted the nominal value of the uncertain parameter the most. This paper proposes a technique to design timedelay filters which minimize the maximum magnitude of the residual vibration over the range of the uncertain parameter. Closed form expressions for the analytical gradients of the cost function and constraints have been derived by Singh [10] , which can be used to expedite the convergence of optimization algorithms for the minimax time-delay filters, studied in this paper. The resulting controller will be referred to as the minimax time-delay controller. The first section will review the development of the time-delay control. This will be followed by the development of the minimax timedelay controller which is illustrated on single input numerical example. The penultimate section presents a multi-input example and final section summarizes results generated in this paper.
TIME-DELAY CONTROL
This section reviews the time-delay control technique. Figure 1 represents the time-delay control of a second order underdamped system. The parameters A 0 and T need to be determined so that the poles of the system are cancelled by a pair of zeros of the timedelay filter. The location of the zeros of the time-delay 
we can show that
and
where ζ is the damping ratio and ω is the natural frequency of the system. The single time-delay control, by cancelling the poles corresponding to the oscillatory behavior of the system, provides us with a technique to produce nonoscillatory response. The cancellation of the poles of the system is contingent on the availability of accurate estimates of the pole locations. To improve the robustness of the time-delay control to errors in estimated location of the poles, the two time-delay controller is proposed whose transfer function is
The requirement of cancelling the poles of the system results in two constraints. The third constraint is derived by requiring the derivative of Equation 5 with respect to σ or ω be forced to zero. Solving the three equations results in
It can be seen from the parameters of the two timedelay controller that it can be derived by cascading two, single time-delay controllers. This now provide the designer with a simple technique to desensitize the time-delay controller to modeling errors.
MINIMAX TIME-DELAY CONTROL
With the knowledge that the uncertain parameters lie within a specified range, it is desirable to design a controller with the worst model in mind. This can be achieved by considering the performance of the controller over the range of the uncertain parameter. In this paper, a design technique is proposed, which minimizes the worst performance of the system. The metric used to gauge the performance of the system corresponds to the residual energy of the system at the end of the maneuver. The goal of the optimization problem is to minimize the maximum magnitude of the residual energy over the entire range of the uncertain parameters.
For an asymptotically stable mechanical system undergoing rest-to-rest maneuvers, the model can be represented as
where M , and K are positive definite matrices and C is positive semi-definite. p is a vector of uncertain parameters and is bounded by the lower p lb i and upper p ub i bounds:
The objective is to design a time-delay filter which pre-filters the reference input r to the system with the objective of
) where T i and A i are parameters which define the robust time-delay filter and y f corresponds to the final displacement states of the system. The above equation will be referred to as the pseudo-energy function since it is associated with a hypothetical spring whose potential energy is zero when y = y f . Without loss of generality, we can assume that the initial displacement states are zero.
NUMERICAL EXAMPLES
The proposed technique will be illustrated on a rest-to-rest maneuver of a single mode system whose dynamics are defined by the equation mÿ + cẏ + ky = kr (12) with the boundary conditions
where t f is the maneuver time.
ONE UNCERTAIN PARAMETER
First, a minimax time-delay controller will be designed assuming that only k is uncertain and satisfies the constraint
where the nominal value of k = 1 and m = 1, c = 0.2. The form of the transfer function for the minimax time-delay controller is chosen to be
which is identical to the robust time-delay controller (Equation 5). The optimization problem can be stated as the determination of A 0 , A 1 , A 2 and T of the timedelay filter so as to
The transfer function of the non-robust time-delay filter for the nominal system is 0.5783 + 0.4217e −3.1574s .
With the knowledge that two non-robust filters in cascade will force the derivative of the square root of the pseudo-energy to be zero at the nominal value of the system parameters resulting in smaller magnitude of residual vibration in the vicinity of the nominal parameters as illustrated in Figure 2 be shown to be similar to the extra-insensitive input shaper proposed by Singhose et al. [13] where an optimization problem is formulated by defining the magnitude of residual vibration permitted at the nominal value of the uncertain parameter and solving for the magnitudes of a sequence of impulses. The impulse sequence is required to satisfy the constraints that the magnitude of the residual vibration is zero at two frequencies which flank the nominal value and the slope of the residual energy distribution curve is zero at the nominal value of the uncertain parameter.
Notwithstanding that the maximum magnitude of the residual vibration over the range of possible value of k has been minimized, the fact that the residual vibration near the nominal value of k is the maximum is a drawback of this controller. To address the aforementioned disadvantage, an additional constraint is included into the minimax optimization problem which requires the magnitude of the residual vibration to be zero at the nominal value of the uncertain parameter. The added constraint necessitates addition of a timedelay to the time-delay filter defined by Equation 19, resulting in the transfer function
The unknown parameters of Equation 20 are solved for using the solution of the parameters of three nonrobust time-delay filters in cascade as initial guesses. The transfer function of the minimax time-delay controller with the constraint to force the residual vibration to be zero at the nominal value of k can be shown to be 0.2052 + 0.4141e
+0.3015e −6.3304s + 0.07924e −9.4956s . Figure 4 illustrates the variation of the residual energy as a function of damping and stiffness constants for the time-delay filter given by Equation 17 which was designed to cancel the poles of the system based on the nominal values of the uncertain parameters. It is clear that the increase in the residual vibration is significant as the modeling error increases. Figure 5 exemplifies the variation of the residual energy when the robust time-delay filter (Equation 18 ) is used to prefilter the step input to the system. The minimax time-delay filter given by Equation 24 illustrates that the residual energy over the uncertain region is greatly reduced. However, this is at the cost of increasing the residual vibration at the nominal value of the uncertain parameters as shown in Figure 6 . This can be remedied by adding a time-delay to the above filter and including a constraint into the optimization problem, which forces the residual energy to be zero at the nominal value of the model parameters. The resulting filter transfer function is 0.1963 + 0.4122e
+0.3091e −6.3328s + 0.08243e −9.4992s . (25) Figure 7 illustrates that the residual vibration over the uncertain region has been further reduced and is zero at the nominal value of the model parameters. 
MULTI INPUT SYSTEMS
The technique for the design of minimax prefilters can be extended to multi-input systems. Figure 8 illustrates a two mass/spring system with two inputs. The equations of motion of the system are 
The objective is to design a time-delay filter with the objective of completing a rest-to-rest maneuver with the boundary conditions:
and which it is robust to uncertainties in the spring stiffness k 1 and k 2 . It is assumed that the uncertain parameters lie in the range:
The control input is rewritten as
The final values of the new control inputs to satisfy the boundary conditions are given as
Assuming the nominal values of the spring stiffness are 
A 1i exp(−sT 1i ) where T 10 = 0 (32)
The minimax optimization problem is used to solve for A 1i , T 1i , A 2i , and T 2i . The following constraints are imposed on the optimization problem. To ensure that the systems states are quiesent at the final time, and since the system modes cannot be decoupled, we require
Further, we require
where t f is the final maneuver time.
To compare the performance of the minimax timedelay filter to conventional filters, two classes of filters are considered. The first is designed to cancel the undamped poles of the system which is given by the time-delay filters
where ω 1 and ω 2 are the nominal frequencies of the controlled system. Next, a minimax problem is solved for the same number of delays as in Equations 36 and 37. The optimal parameters of the minimax time-delay filter are given in Table 1 The second is the robust time-delay filter designed by locating multiple zeros of the time-delay filter at the estimated location of the poles of the system, which is given by the transfer functions:
Next, a minimax time-delay filter is designed to minimize the maximum magnitude of the residual energy of the uncertain domain and the optimal parameters of the time-delay filter are given in Table 2 . From Figures 11 and 12 , it can be seen that the maximum magnitude of the square root of the residual energy over the uncertain region reduces from 0.0762 to 0.0116 a 85% reduction. uncertainty. A minimax optimization problem is formulated which requires only one equations which is used both as the cost function and when evaluated at the nominal value of the model parameters, as the constraint. The minimax filter is designed for a springmass-dashpot with uncertainties in the spring stiffness and damping factor of the systems. This is followed by a two-mass two-spring, two-input system, with uncertainties in the stiffness of both the springs.
CONCLUSIONS

